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1. INTRODUCTION

The classical Weierstrass Theorem [12] states that one may approximate
a function in Cla, b} arbitrarily closely in sup norm by a polynomial. The
classical Jackson Theorem [7] refines the Weierstrass Theorem by obtaining
quantitative rates of convergence by polynomials to a continuous function.

In this paper we obtain Jackson type results for two settings in which
Weierstrass theorems already exist. We first consider Yamabe’s theorem [18],
which goes back to Walsh [16], and has been extended mere recently by
Deutsch [2] and Singer [13].

THEOREM (YAMABE). Let M be a dense convex subset of a real normed
linear space X, and suppose that {x;*}7_, C X*. Then, for each x € X and ¢ > G,
there is an m € M such that || x — m || < € and x,*(m) = x;x) (( = 1,..., n).

In Section 2 we state and prove a Jackson Theorem version of Yamabe’s
theorem, which we call the bounded linear functional theorem.

The second case we treat is the so-called SAIN approximation problem,
in which one requires the additional condition || m || == || x || in the conclusion
of Yamabe’s theorem. This problem had its genesis in a result due to Wolibner
[17]. Wolibner’s result was generalized by Deutsch and Morris [3-3], who
also gave the name SAIN to this type of approximation problem. More
recently, McLaughlin and Zaretzki [11], Holmes and Lambert [6], and
Lambert [9, 10] have contributed to the still incomplete characterizations
obtained by Deutsch and Morris [4].

In Section 3 we consider the slightly relaxed condition || m || < || x ||, which
we term ““weak SAIN” approximation, and obtain some Jackson type
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theorems for normed linear spaces. In Section 4 we quickly specialize to
function spaces C(T"), T compact Hausdorff, and obtain a general Jackson
type theorem for SAIN approximation when the bounded linear functionals
are all point evaluations. We also observe that one is naturally led to the
open question of considering arbitrary restricted range approximation [15]
in place of norm or weak norm preservation.

Although more general results than those which follow may be established
(see [8]), for simplicity we have assumed in this paper that we are approxi-
mating from closed subspaces only. '

2. THE BOUNDED LINEAR FUNCTIONAL THEOREM

We let X be an arbitrary normed linear space, and consider an increasing
sequence of closed linear subspaces {M;};_; of X whose union M is dense in X,
We suppose that {x,*}7; C X* and let x be an arbitrary fixed element of X.
We let 8,(x) = &(x; M) denote the deviation of the element x from the
subspace M, . Without loss of generality in the following, the linear
functionals x,;* may always be assumed to be linearly independent.

THEOREM 2.1. There exist a constant C and a positive integer N such that
for every x in X and each k = N there is an m,, € M, satisfying

1) x%5me) = x,5x) (@ = 1,..., m),
2 lx —m || < C o).

” Proof. Choose ry ,..., r, in M such that x;*(r;) = 3,; . Choose N so that
r;eMy (j=1,.,n) and set C = 2(1 4+ 37 %%/ [ ;). Let x€ X and
k = N. Choose s, € M, such that | x — s || << 28,(x) and set

n
My == 8§ + Z X 5(x — s 1y,
i1
then my, € M, x;*(m;) = x;%(x) ({ = 1,..., n), and

x—myl <Ix—s 43 %50 — sl 15

§=1

n

<X — sl X Tx* el x — sell
j=1

= 1Cllx — sill < O3, QE.D.
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3. WEaK SAIN APPROXIMATION

We now consider the situation in which the constraint || m, || <l x|l is
added to the interpolating constraints in the bounded linear functional
theorem. We observe that if we have no interpolating side conditions imposed,
then the result is straightforward.

THEOREM 3.1. For each x in X and k > 1 there exists my, € M, such that

0y fme <lix|]
2} Nl x —my |l < 384(x).

Proof. I xe M, , choose m;, = x. If xe X\M,, choose s, € M, so that
hx — sl < 30(x). I [l |l <l xll, take my =, . I lsp i > [ x ], let
my; = As,, where A Is any number satisfying

max{0, 1 — (3/2 [ 5,1} 0x(0)} < A <[ x|/l sel.
Then my € My, || my || < || x|, and
fx —m |l =llx =85+ (1 =8| <lx—s]l + (1~ 5]l
< §0(x) + $0(x) = 30,(x). Q.E.D.

The constant 3 in Theorem 3.1 may actually be replaced by any constant
strictly bigger than 2 (see [8]).

If we have nonempty interpolatory conditions together with weak norm
preservation to satisfy, the theory is no longer as simple, and in general one
does not even have a Weierstrass Theorem (see [4] or Example 3.4 below).
However, the following theorem gives a sufficient condition on the bounded
linear functionals involved.

ToeorReM 3.2. Suppose there is an me M such that | m| <| x| and
x¥m) = x,%(x) (¢ == 1,..., n). Then there exist a constant C and a peositive
integer N such that for every k = N there is an my, € M, satisfyving

My x,*0my) = x.*(x) (( = 1,..., 1)
@ el <lixl
B llx —my| < C3(x).

Proaf. By the BLF Theorem there are C, and N; such that for every
k > N, there exists r, € M}, with

x5 = x50 i=1..n), and % —rpll < Cyu(x).

Let o« =G limillx] —lmll? (o |mi]=eC; + ) Hx]) and let
C = 3C; + 2a. Since 8,(x) — 0, we can choose an N, > Ny such that
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ady(x) < || x| for k = N, . Choose N = N, so that me My . Given any
k = N, define

A, — (Ci + o) 8x(x)
P x4 Cd®)

Then m;, € M, , x;*(m) = x;¥(x) (( = L,..., n),

and mk:Akm_}_(l-‘Ak)rk‘

f| el <Ak”m”+(1 — Wl el

<M 1#1+ 0 = Wi+ G8]
_adll x| _
B CRR

< ady(x) + x| — adelx) = Il x|,

and
hx —myll = Al — m) + (1 — A(x — )l
KAl x —m] + (1 — X&) Ci(x)

(€, + o) 8(x) [ %) — a8,00]

Tx T Couon 2 X TGt G0

< [CRlxI 2l Xl G
T

<

] §u(x) = C8,(x).
Q.ED.

Remark. We observe [1, p. 38, Theorem 3] that the condition in
Theorem 3.2,

(A) ImeM>sx*m) = x*x) (@ = L,.,myand [ m| <] x| is equiv-
alent to the condition

(B) Je > 0 such that | ¥;; ax;*x | < (| x || — &)l iy oux;* || holds
forall « = (oy ,-.., ) € R™,

#

Since (B) holds automatically in the case n = 1 for any nonextremal bounded
linear functional, we have the following as an immediate corollary:

THEOREM 3.3. Suppose | x*(x)| < || x* ||| x||. Then there exist a constant
C and a positive integer N such that for all k > N there is an m,, € M, for which
(1) x*my) = x*(x),
@ mf <lixl
B lIx —m [ < Colx).
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While Theorem 3.3 is not especially satisfying, it is best possible in two
senses. First, one need not have SAIN {and hence not weak SAIN [4, p. 358,
Lemma 2.3]) for one extremal bounded linear functional [4, p. 359,
Remark 2.2], and second one need not have SAIN for two nonexiremal
bounded linear functionals [4, p. 359, Proposition 2.1]. For better results
we must impose stronger hypotheses. Even if we consider Cle, b] and poly-
nomials, however, by modifying an example of Deutsch and Morris [4, p. 366,
Remark 4.3} we can exhibit two nonextremal bounded linear functionals for
which one does not have SAIN.

Example 3.4. We let X = C[0, 1], and M = &, where & is the set of
polynomials on [0, 1]. Let

1/2
[

1 i
X * =f dx, X, * = dx, x5 ¥ = | dx,
0 1/2 g
and let
L, if 0<x<1/2
=10 0r i ip<x<l,
Then ||l =[lx*|| =1L | %*| =] x*| =% and x* = x* —x* In

particular, 1fpe@ 1Pl =1, is such that x;*p = x,*f = %, x,*p = x,% = L,
then x;*p = §, sothat || p|l < ||fll = 1 implies p = 1. Thus, || f—p || = }
and one does not have SAIN for x;* and x,* on Cla, 5] with the polynomials
as the dense subspace.

However, we observe that for X = Cla, b] and M = Z, if {x,%};_, are all
nonextremal point evaluations, then condition (B) holds trivially (or in any
case by [4, p. 362, Lemma 4.1]). Hence we have a second immediate corollary
to Theorem 3.2.

TuEoREM 3.5. Suppose X = C(T), with T compact Hausdorff, and let
fe C(T). Suppose {x;*}7_, = {e, }i-, are point evaluations on C(T) such that
[fOe < IIfll G = 1,..., n), then there exist C and N such that for every
k = N, there is an my, € M, for which

(1) m(x) = f(x) (@ = 1,...,n),

Q) mell <US
B) Nf—mp |l < Co(x).

4. SAIN APPROXIMATION
We now consider the situdation in which equality holds in the constraint

17, |l < |l x]) dealt with in section three. First we treat the case without
interpolatory side conditions.



218 DARELL J. JOHNSON

TaeOREM 4.1.  For each x in X there is an integer N so that for everyk > N
there exists my, € My, with || m,{l = || x || and ||x — my || < 46,(x).

Proof. The result is trivial if x € M for some N. Thus we may assume
x ¢ M, for every k. In particular, 0 << §,(x) <|| x| for every k. Choose N
so that 2| x ||* §,(x) < 1 for k = N. For each k > N, choose y, € M, such
that || x — yi || << 26,(x). Define

5, Ml —lxl o oy
I
Clearly,
lyx — x| 204(x)
e FT A T
Set my, = (1 + 8,)* y, for every k = N. Then mye My, || m;|| = | x|, and

I xe —m| =[x — yi + (1 + ) e
<x — yell + 18 1A + 872yl
< 265(x) + | 85 | || x || < 48,(x). Q.E.D.

“We observe next that one has a SAIN result with the same bounds (up
to a constant) whenever one has a weak SAIN result:

THEOREM 4.2. Let x be in X and suppose that for each k = Ny there is
an s, € My, for which x;*(s) = x;*(x) (i = 1,...,n) and || s3] < || x||. Then
there are constants C and N such that for every k = N there exists my e My,
satisfying

(D x*my) = x;5(x) ( = 1,..., n)
@ limll =] x|
B llx—m| < Clix — sl

Proof. 1If||s|| = | x|l for every k, take m;, = s, . Thus we may assume
Il 5% | <|lx|l for some k. Choose x,* € X* || x,* | = 1, so that x,*(x) =] x|
If xo* = 3, a;x;* for some scalars o, , then

n

hxll = xo*(x) = 21 ax;*(x) = z X ®(s5) = X™(s) < | 5pe ]l
f= i=1
which is impossible. Hence the set {x,*, x;%,..., x,,*} is linearly independent.
Thus we may choose me M such that x,*(m) = 1 and x,*(m) = 0
(i = 1,...,n). Choose N = N; so that me My . For each kK > N choose
oy == 0 such that || s, + om || = || x|l Setting m;, = 55, + o, it follows
that wy, € My, || my || = || x ||, and x,;*(my,) = x,5(x) ¢ = 1,..., n). Also,

X¥(sk) + ap = x*(sp, -+ ) 5y + o || = | x| = x™*(x)
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»2
Jomat
]

implies
ap K Xe*(x) — xp¥(s) <l x — 5
Hence

lx —mp| <[lx—sell +ogllml] <A+ lmDlx — sl
Taking C = 1 + || m || completes the proof. Q.E.D.

As a corollary to Theorem 4.2 above we have that “Weak SAIN” approxi-
mation is equivalent to “SAIN” approximation in a Jackson Theorem (rate
of approximation) sense. If we combine Theorem 3.2 with Theorem 4.2
above we also get the following:

COROLLARY 4.3. Suppose there is an me M such that ||m | < | x| and
x; X m) = x;%x) (i = 1,..., n). Then there exist a constant C and a positive
integer N such that for every k = N there is an m, € M, satisfving

(D xH ) = x*x) (= 1., m)
@) Nl =l
(B llx —my | < Coyx).

On spaces C(T), T compact Hausdorff, it is known [4] that one has SAIN
if M is a dense subalgebra of C(T) and the bounded linear functionals are
all point evaluations, while one need not have SAIN if the bounded linear
functionals are not all point evaluations, even if 7 = [g, 8] and M = &
(see example 3.4 above or [4]). We will thus assume the x;* to be point
evaluations, x;* = ¢; , t,€ T, for each i = 1,..., n henceforth, We will also
require some additional hypotheses on M to insure that one has SAIN.
Since we are interested in a Jackson Theorem rather than a Weierstrass
theorem, it is not unnatural to impose hypotheses on M via conditions on
the subspaces M, . It turns out sufficient for our purposes to require that
1 € M and that m, € M, implies m;? € M,, for k sufficiently large. Note that
the second condition is slightly weaker than requiring M to be a graded
algebra, but that with the first condition, it is sufficient to guarantee that the
essential results of Section 4 of [4] hold, as one. observes by examining the
proofs there, and that in particular there holds the following:

LemMa 4.4. (Deutsch and Morris [4, p. 365, Corollary 4.1]). Suppose
that M is a dense subspace of C(T) containing the constant functions and the
square of any of its elements. Then for each f C(T),f = 0 on T, each set
{ty youus oy in T, and each v > 0, there is an me M, m = 0 on T, satisfying

M) mty) =f) ¢ = 1)
@ (m] =7
@ W—m|<n
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To handle a different case than that for which we will use Lemma 4.4 in
the proof of Theorem 4.7 below, we also require the following result, which
geometrically is closely allied to Lemma 4.4 itself, and in fact is derived
using it.

LEMMA 4.5. Suppose that M is a dense subspace of C(T) containing the
constant functions and the square of any of its elements. Suppose {t;}7, are
distinct points of T. Then there exists a closed subset A of T, containing t,
in its interior, and an m € M such that

(1) m(t) < O0on A,

@ m() =0,

3 0<mi)<<lonT\A,
@ m@)=13G=1,..,n).

Proof. f n=0, take m=0 and 4 =T. If n >0 consider
My ={me M; m(t;) =0 for j = k and there is an open subset B of T
containing every f;, j % k, on which —1 < mf(¢) < 0 holds}. Suppose
my, my € My . Then m; 4+ my€ M, since M is a (linear) subspace of C(T).
Also, (m, + my)(t;) = my(t;) + my(t;) = 0, for j % k. Let By, B, be open
subsets of T containing the #; (j = k) such that —1 < m; < 0 holds on
B,, i = 1,2, respectively. Let 4; = m;*((—1/2, --0)) as a set function.
Since m; € C(T), A; is an open subset of 7, and since m(t;) = 0 for j = k,
t;ieA;fori=1,2.Let B = B, N By N A; N A, . Then B is an open subset
of T which contains ¢; (j %= k). Moreover, —3 < m; , my << 0 on B, so that
—1 < my +my; <0 on B, and thus m; + m, € 4, . Now suppose « € Z,
a > 0. Let 4 = m*((—1/x, +0)). Then 4’ is an open subset of T, and
t;€ A" forj = k. Let B = A’ N B, . Then Bis an open subset of T containing
t;(j # k). Since —1/a < my; <0onB, —1 < amy < 0onB,soam, €4,
Thus .#, forms a convex cone. Furthermore, m, + m,? € .#, whenever
my € M, , since for t€ B,

0<im@)l <1  implies |m?(1)] < |my(t)|
so that
sgn(m, + m®)(t) = sgn(my(1)) = —1,

and hence m; + m,* << O on B, . But
m? =0 implies —1 <my <m?+my

on B,, so since (m; + mH(t;) = my(t;) -+ m2(@) =0 for j £k,
my +mle M.
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By Urysohn’s Lemma, there is a g, € C(¢) such that 0 < g, <2 on 7,
gty = 2, and g,(¢;) = 0, forj + k. By Lemma 4.4, there is an r, € M such
that 0 <7, < 20n 7, ry(ty) = 2, and r(t;) = O forj = k. Then —r, € 4,
implying —r, +r2ed,. Let my = (—r, +r2/2. Then mye #,,
mu(ty) = 1, and my(f) < 1on T. Lets = 3, m;,. Observe that se M C C(T)
and s is bounded by n on 7. Also s(t,) = O while s(¢;) = 1forj == I,...,n Let
B, be an open subset of T containing #; (j # k) for which —1 < m,(t) < 0.
Let B = ﬂZ:1 By . Then B’ is open in 7, contains f,, and is disjoint from
t; for j = 1,..., n. Moreover m;, << 0 on B, so that s << 0 on B’ also. Let
m’ € M be such that m'(t;) =0 foreveryj=0,1,..,n 0 <m <1lon T,
and 3 <<m' on T\B'. Choose @ >0 so that s +oam’ <1 on T. Let
m=uys+oam’ . Thenme M, m(t,) = 0, m(t;) = 1forj = 1,...,n andm < 1
on T. Let 4 = mY{(—o0, 0)). Then 4 is a closed subset of 7, contains B,
and 0 << m{r) < 1 on T\A4. Since ¢, € B’ open, 1, is in the interior of A.

Q.E.D.

Putting the two previous lemmas together, we have the following:

LEMMA 4.6. Suppose that M is a dense subspace of C(T) containing the
constant functions and the square of any of its elements. Suppose that {¢}r.q
are distinct points of T and that U is an open neighborhood of t, disjoint from

t; for every i = 0. Then there is an m € M such that

1) m) =1,

2y m(t;) =0fori=0,
3y mt)y <0onT\U,
4 m<lonT.

Proof. By Lemma 4.5, there is an r; € M for which r(z) =0, r,(z;) =1
for j %1, j =0, 1,.,n r{t) <0 in some open neighborhood ¥V, of ¢;,
and r;, <1 on T, for each i = 1,..,n. Let s = (¥;,7) — (n — 1). Then
seM, s(t) = 1, s(t;) =0 for every i = 1,...,n, s(f) <0 in some open
neighborhood V containing #;, for i 4 0, and s << 1 on 7. By Urysohn’s
Lemma, thereisa ge C(T) for whichg(t) = 1lond = T\(UU V), g(t,) =0
foralli =0,1,..,nand 0 << g <1 on T. By Lemma 4.4, there is an rc M
for which 7(z;) = Oforeveryi =0, 1,.., 2,0 <r<lon T, andllg —r|| < %
But s is bounded on 4, so r > % on A4 implies there is an o > 0 such that
s —ar <0 on A Let m = s — ar. Then m(z)) = 1, while m(#;) = 0 for
each i = 1,..,n. Since —ar <0onT,m =5 —or <5 <0on ¥V, and so
m<LOonT\WU =AU V. Finallym <s —ar <s < lonT. Q.ED.

We introduce the following notation to simplify the statement and proof



222 DARELL J. JOHNSON

of our principle theorem. For a given set of bounded linear functionals
{x;%1, , we set

p=p(f) =Hx*x* =/} and q=q(f)={x* x*(f) =~/
THEOREM 4.7. Suppose {M,}%_, is an increasing sequence of closed linear
subspaces of C(T) satisfying
(a) its union M is dense in C(T),
(b) M contains the constant functions,
(©) my e M, implies m? € My, for sufficiently large k.

Let t, ..., t, be n distinct points in T, and let f € C(T'). Then there exist N and C
so that for every k > N there is an m, € M, for which

1) m(t) =f@) (@ = 1,.,n),

@ Nmll =11l
B3) If—mll < COLS),
where
S ((1F1 — FIH3), if ¢g=0,
0:(f) = \Owea(iS 1 + ), if p=0,
min{Sp (211 FID2 — (Lf) — HVHB),
S (@ N FIDME — (LS 1 - MRS, otherwise.

Proof. Let N, be such that 1€ My, and N; > N, such that m, e M,
implies my? € My, for k = N,. By Theorem 4.2 it is sufficient to prove the
weak SAIN result only. If n = 0, the result 1s Theorem 4.1, so assume n > 0.

Case 1: p =q =0. Then {f(t)] <|fl for all i =1,..,n, and the
result is Theorem 3.5.

Case 1I: p =n. We define the auxiliary function ge C(T) by

= (IfIl = /)'2 Then g(t;) = (| /] — f(t))'/* = O for each i = 1,..., n. By
Case 1, there exist C; and ¥, such that for every & == N there is an s, € M,
for which s4(#;) = g(t)(i = 1,...,m), || s | =l g |, and || g — ;. || < C;8:(g) with
C = C;.1let N = max[2N, , N,], and suppose k == N. Set my, = [[f] — s:2
Then myy, € M., maty) = | f1, and f{my, || < Jif1, since 0 < 5,2 < 2 £
implies —|| /Il < s& — [ 71l <[ fIl. Also,

1 — ma |l =LA — &5 — AS1— sl
= || 5 — g%
<lisp +gllllse —gll
< 221D g — sl
< 221 FIDVE Ciu( 8).
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If g & My, then || g — s,]| < 7 implies ||/ — (1 — s < 2]l gy so that
fe M, so by taking N sufficiently large, fe M, ifge M, . If g ¢ M, , then

g — sl < Cidul8) = Cd((IfII =),
implying
(f — ma [l < 2@ IV COLUS N — ).

Hence, for every k == N, k even, || f — my || << C8poi{{|f1) — F14/2), while
if k=2m+12>N is odd, then [k2] =m = [(k — 1)/2] and
Moz D Moy, sothat || f — my || < C8pymi((1f!] — £)/2) holds for arbitrary
k = (N + 1), by setting my,,’,; = mg,  for any index & which is odd.

Case III: 0 <p <m,q =0. Without loss of generality, suppose
Ff) = |Ifll fori=1,.., p. By Lema 4.4, for each j = 1,..., n — p, there is
an r;e M for which ri(t,,) =1, ri{t) =0 (i #p +j), and 0 <r, < 1.
Let Ny, > Ny besuchthatr; e My, forallj = 1,..,n — p. Let

e =min[|f| = [f@);/ =p + L., 1],

and choose pairwise disjoint open sets {U,}"Z7 such that (1) 7;€ U,, and
) | f@) — f()l < e for te U;. By Urysohn’s Lemma there is a g; € C(T)
sach that g(r,.,) =1, g) =0 on TN\U;, and 0 < g; <1 on 7. By
Lemma 4.6, there is a g, € M such that g;(f,.,) = 1, g7;) = Ofori s£p 4+,
g, <0Oon T\U,, and gq; < 1 on T. Let N, > N, be such that ¢, e My, _for
every j=1,.,n—p Let Ny = N, be such that &t = N, z'mi)lies
Copepo((1f1 — IV < &, Where

_ min{||f|| — | min(f(#))}, €/3} .
n T A A DA 41 g DI g5 03

€

By case II, there exist C; and N, such that for every k > N, there is an
5 € My for which s,(t;) = f(t;) (0 = L., p), lise |l = (1 S, and ||/ — sp || <
Cylppar((LF Il — M. I s3(8514) > f(2,41), choose ay, so that

(53 + ) tpe) = ftp0),

with 0 > oy = —|If — 53]l Let s = 5, -F ogry . Then sP(2) = f(z,) for
i=1,.,p+1,

s = s, 4 o | <l se = 171k
and
W= s <If— sl +lan| <20f— sl
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If si(tps) <f(tps1), choose oy so that (s, + wg)(tpy) = f(fne), With
0 < oy <[If—s:0, and let s =5, + g, . Then sO(z,) = f(¢t;) for
i=1.,p+1LIs& ={s+ gl <|fl,and

1f— sl <Uf—sell + allaull <A+ g DILf— sl

I si(tyrn) = f(tpia), let 5§ = sy

At the general step, 1 <j<<n—p, if s”‘”(tﬂﬂ) > f(t,45), choose oy
so that (¢ + awr)tpe) = f(ty) and 0> g > —| £ — s¢™Y]. Then
o > —|If — s | = —27 TTiy (1 + 1| g Dif — s L, by the inductive
step. Set s = sy + ;. Then s$(t,,5) = f(t,4s), while

sy = s @) =f@t) for i=1l,.,p+j—1,

by inductive hypothesis again. Also, opr; << 0 implies s < s¢ < || £l
by the inductive step, while

wr; = —27 ] 40 + gD} &
i=1
o W~ Imin()
T oI TP 4 ) g )
o LA | min(y)

n

while by the inductive step

S0 = =1+ = DS = T min(AYn > —).1,
so that

s2 = N+ @ — 7~ DS~ | min(HDjn = —I 11,
and hence || s{ || < || f{l. Finally

If—s2U <Uf— s + | o |
<2 f—si Y

<227 LI + | g DIS — si
i=1

<PTTIA + 1 a DS — sel

=1
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If S —1)(tp+9) <f(tp+1) choose oy SO that (S gy + alcq:l)(fpw) f(tp-w‘) and
0 < oy <|If—sYP); and set s = sy + o,q;. Then s(t) = f(t)
for i = 1,...,j. Since ag; < 0 on T\U;, s < s < || fl] on T\U;. If
te U;, then

7—1
angs < 2 TA +1 e} & < of3,

while s < s, , by inductive hypothesis, since the U, are disjoint, and
se <SS = 8l < Fltpe) + €f3) -+ €3,
by the uniform continuity of £, so that
58 < fltpsd) + e <|S]

on U;, and thus on all of T itself by the above. Moreover, if & > j, then
s < s, on Uy, by the inductive hypothesis, so that s{ < s, on U, also.
On the other hand,

s? = —lfl+ (—j— DAL — | min(f)/n = —[ 1]
as above, which implies || s || < || f|l. Finally
If— s <If— s )+ o gyl

<+ g S —s8?y

2 H (1 "f_ ” g ”)}If— S Ii
We now take N = max[N; , Ny}, and let my, -+ s{"~®. Then, for all k = N,
my€ My, m(t) = f(t)fori =1,...,p +(n —p) =n,

g ]l <11 fll

and with

f —my |l < 277 H (A + 1 g DS — sull < COpyeparllL 1] — )

C = C2nr H {4+ 11g: D}
: =1

Case IV: ¢ = n. Let h = —fand apply Case 1.
Case V: 0 <g <n,p=0. Let h = —f and apply Case IIL
Case VI: 0 <p <n, 0 < g < n Without loss of generality, suppose



226 DARELL J. JOHNSON

thatf(¢;) =||f|| fori = 1,..., p, and that f(¢;) = —||fl|fori=p + 1,..., p + q.
We use the auxiliary function g e C(T') defined by g = (|| f|| 4 f)'/2. Since

gty = 2|12 =gl for i=1L..p

g(t) =0 for i=p42,..p+4q

while

and
0 <gt)<lglh for i=p—+qg+1l..,m

by Case I11 there exist C; and N, such that for every k == N, there is an s, € M,
for which 5:(t;) = g(t) (= L...n), [[sll =1lgl, and g — s | <
Cida((l g1l — 2)'3). Let N = max|[N,,2N;] -+ 1, and suppose k > N.
Let myy, = 53> — | f . Then mgy, € My, my(ts) = (1S + F()) — IS =f(%)
(= L..,n) and || my | <|fl, since 0 < s* < 2| f|| implies —||ff <
s — I fIl < || fV. Finally
Lf =l = (8> = 1) — (s = IS < g + sl g — s
<221 FIM Cdnml(l g | — ).

If ge M, , then fe M; , and done. Otherwise,

Ciduea((1 g1 — &) = Ciumi((@ 11 FIDM2 — (LS 1 4+ F)2)H2),

and take C = 22| fID*2 C;.
Using the auxiliary function g = (|| 1| — f)'/%, we get the estimate

Cidpera((1 g | — ') < Cidroymp((@ LS — (LSl — VR,

Taking the minimum of these two estimates, and finishing as in Case 11,
the result follows. Q.E.D.

In particular, on Cla, b] with M, = P, polynomials of degree k, in which
setting we may apply the classical Jackson Theorem [12] to get the estimate
8(F) < 121 + (b — @)/ Dw k™) for k ==1,2,..., our principle theorem
reduces to the following:

TueoreM 4.8. Suppose fe Cla, b, {x;37..C[a,b], and o a constant,
o = 1. Then there exist C and N so that for all k >= N there is a p, € Py, for
which
@ el =1S1
Cork™), if 1fC) <ifl (=1L..n),
Coi k™), if 1 fG)l <IfI or f(x) = olifl,

@ =l < i=1,.,n,

Col’(k-Y), otherwise,

and hence || f — p, || < Cw¥* k).
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Proof. We have the estimates

Sn(f) < 12(1 + (b — a)[2) wfk™),
Srerat((Lf I £ A < 1201 + (& — @)/2) w0l [K/217Y)
<241 + b — a)2wl, (k)

= Bt
< 2401 + (b — @)/2) w Ak,

Steat(Q IS — (LF1) £ FY212) < 48(1 + (b~ a)/2) w2 wie_y gy gy
<481 + (b — @) i}, unlk™)
<43 + b — @)k,

Hence the result follows immediately from Theorem 4.7. Q.E.D.

Clearly, the theorem is valid if the e, are replaced by any x,* in the span
of {emz eees e%}. Hence

THEOREM 4.9. Suppose fe Cla, b], {x}p, C la, b), and y;* = Ty ase,
j = l,., m. Then there exist C and N such that k 2= N implies there is a
P € Py for which

B yi*(ew) =N (J = L., m),
@ lpell =171,
(3) If = pill < Cof*k).

In Theorem 4.8 we considered arbitrary finite linear combinations of point
evaluations on Cfa, 6]. We show in Example 4.9 below that we cannot
consider arbitrary infinite linear combinations of point evaluations, however.
Example 4.9 also shows that a result obtained by Lambert [10] is best possible
in that given any f € Cla, b) which attains its norm infinitely often, there exists
a bounded linear functional for which one does not have SAIN holding.

Example 4.9. Suppose fe Cla, b]\¥ attains its norm at the countably
infinite number of points {x}p,C e, b]. Let (g) e, be such that
sgn(a)) = sgn(f(x) for all i. Let y* = 7, ae, . Then [ y* | = T2, | a; | =
(alle, < oo, so that y* is a bounded linear functional on Cla, b]. Also,

YH(f) = S5 as sgn(@)| £l = | y* 1] But, if pe? is any polynomial
for which]l p Il << | £, then y*( p) << || y* 11| i, unless sgn(a,) = «is constant,
o = 41 and p = o f]. Hence one does not have SAIN.

Remark 4.10. We observe that if we take 77 = T* the unit circle and
M, = T, trigonometric polynomials of degree k%, we have analogous
results to Theorems 4.8 and 4.9, the statements being identical except for

640[12/3-2



228 DARELL J. JOHNSON

replacing [a, b] by T* and P, by T}, so that trigonometric approximation is
handlied exactly as algebraic approximation. ‘

Remark 4.11. In weak norm preservation, our approximating elements
satisfy the condition —jl f| << my, << || f]l. Suppose one replaces weak norm
preservation by the condition a < my, < b, where a < f << b. On Cla, b]
with polynomials, it is trivial that the same estimates hold, as one need only
let g = f — (b -+ a)/2, apply Theorem 4.7 to get p,’ approximating g, and
let p, = p,’ + (b 4 @)/2. However, if one replaces the constants a, 5 by
functions a(x), b(x), it is no longer a triviality but an interesting question
which has been considered by V. A. Smatkov [14].
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